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QUASICONFORMAL NON-PARAMETRIZABILITY OF
ALMOST SMOOTH SPHERES
PEKKA PANKKA AND VYRON VELLIS
Abstract. We show that, for each n ≥ 3, there exists a smooth Rie-
mannian metric g on a punctured sphere Sn \ {x0} for which the associ-
ated length metric extends to a length metric d of Sn with the following
properties: the metric sphere (Sn, d) is Ahlfors n-regular and linearly
locally contractible but there is no quasiconformal homeomorphism be-
tween (Sn, d) and the standard Euclidean sphere Sn.
1. Introduction
The (quasi)conformal gauge of the Euclidean n-sphere Sn is the maximal
collection of all metrics d on Sn for which there exists a quasiconformal
homeomorphism (Sn, d)→ Sn. Here, and in what follows, Sn refers to both
the subset {(x1, . . . , xn+1) ∈ Rn+1 : x21 + · · ·+x2n+1 = 1} of Rn+1 but also the
metric space (Sn, d0), where d0 is the Euclidean metric induced from Rn+1
by inclusion.
The problem of characterizing this gauge is a relaxation of the Beltrami
problem in the analytic theory of quasiconformal mappings. Indeed, whereas
the Beltrami problem asks whether a given measurable Riemannian metric
g on Sn admits conformal map (Sn, g) → (Sn, g0) into the standard Rie-
mannian metric g0, the gauge characterization problem merely asks for a
quasiconformal map between metrics. We refer to Heinonen [11, Section
15] for a detailed discussion on the terminology and background of the
(quasi)conformal gauge.
Characterization of the quasiconformal gauge has turned out to be a for-
midable problem, and the question remains open also for the quasisymmet-
ric gauge in higher dimensions; the quasisymmetric gauge of the Euclidean
sphere Sn consists of all metric spheres (Sn, d) admitting a quasisymmetric
homeomorphism (Sn, d)→ Sn; see Section 2 for terminology.
In dimensions n = 1 and n = 2 the quasisymmetric gauge is fully under-
stood. For S1 the metric characterization for the quasisymmetric gauge is
due to Tukia and Va¨isa¨la¨ [20] and for S2 this gauge is characterized by Bonk
and Kleiner [5]; see also Wildrick [21, 22]. In particular, all Ahlfors 2-regular
and linearly locally contractible (LLC) metric 2-spheres (S2, d) are quasisym-
metrically equivalent to S2. We note in passing that Ahlfors n-regular and
LLC metric spheres (Sn, d) are n-Loewner spaces and quasiconformal maps
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(Sn, d) → Sn are quasisymmetric; see Heinonen-Koskela [12]. We refer to
Rajala [16] for recent results on quasiconformal parametrization of metric
2-spheres.
In higher dimensions these metric conditions are not sufficient for qua-
sisymmetric parametrization. By results of Semmes [18] (dimension n = 3)
and Heinonen–Wu [13] (dimensions n > 3), there exists for each n ≥ 3 an
Ahlfors n-regular, LLC, and geodesic n-sphere, which is not quasisymmetri-
cally equivalent to the standard sphere Sn.
The metric sphere (S3, dS) Semmes considered in [18] is the decomposition
space S3/Bd associated to the Bing double and the metric dS is obtained
by an embedding S3/Bd → S4; see Section 2.2 for definitions. Heinonen
and Wu consider in [13] the decomposition space R3/Wh, associated to
the Whitehead continuum, and construct an Ahlfors 3-regular and linearly
locally contractible metric dHW on R3/Wh. For n > 3, the stabilization
R3/Wh×Rn−3 is homeomorphic to Rn and a product metric, also denoted
by dHW, in the stabilized space R3/Wh×Rn−3 is Ahlfors n-regular and LLC.
A metric sphere (SnHW, dHW), which is not in the quasisymmetric gauge of
Sn, is now obtained by one-point compactification of (R3/Wh×Rn−3, dHW).
Neither the sphere S3/Bd nor the spheres SnHW have a priori smooth struc-
tures; choices of homeomorphisms S3/Bd → S3 and SnHW → Sn introduce
such on these spaces. Note that there exists a homeomorphism S3/Bd→ S3
and a Cantor set C ⊂ S3/Bd for which the domain (S3/Bd) \ C is diffeo-
morphic to a domain in the standard sphere S3. Under this parametrization
of S3/Bd, we may take the metric dS to be the completion of a Riemann-
ian distance in (S3/Bd) \ C; see Section 3 for details. Similarly, in the
Heinonen–Wu example (SnHW, dHW) there exists a codimension 3 sphere S
for which SnHW \ S is diffeomorphic to an open subset of Sn and for which
dHW is a completion of the distance dg associated to a Riemannian metric
g in SnHW \ S.
We say that a length metric d on Sn is almost smooth if there exists a
compact set E ⊂ Sn (called singular set) and a smooth Riemannian metric
g in Sn \ E for which d is the completion of the distance dg associated to
g. Recall that a metric d on Sn is a length metric if d(x, y) = infγ `d(γ) for
all points x, y ∈ Sn, where γ is a path connecting x and y and `d(γ) is the
length of γ in metric d.
We show that, for each n ≥ 3, there exists an almost smooth metric d on
Sn having a singular set consisting of only one point but for which there is
no quasisymmetric homeomorphism (Sn, d)→ Sn.
Theorem 1.1. For each n ≥ 3 there exists an almost smooth Ahlfors n-
regular and linearly locally contractible length metric d in Sn with a singular
set consisting of a single point x0 ∈ Sn for which there is no quasiconformal
homeomorphism (Sn, d)→ Sn.
It should be noted that, although the singular set of the metric d consists
only of one point x0 ∈ Sn, the quasiconformal non-parametrization of the
sphere (Sn, d) stems from the degeneration of the underlying Riemannian
metric. Indeed, the metric d we construct for Theorem 1.1 has the property
that there is no quasiconformal homeomorphism (Sn \ {x0}, d)→ Sn \ {x0}.
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We refer to Balogh and Koskela [2] for removability results for quasiconfor-
mal mappings to the positive direction in the metric setting.
The construction in Theorem 1.1 is based on Blankinship’s necklace [4],
a higher-dimensional analogue of Antoine’s necklace which yields a wild
Cantor set in Sn. In the proof of Theorem 1.1 we use a modification of this
construction for two rings, which we call the Bing–Blankinship construction
since it gives a generalization of Bing’s double to higher dimensions. To
obtain an almost smooth sphere with one singular point, we consider a
sequence of partial Bing–Blankinship constructions of arbitrary length.
The non-existence of a quasiconformal homeomorphism (Sn, d) → Sn is
based on uniform modulus estimates for certain families of (n − 2)-tori.
These modulus estimates stem from uniform area estimates which replace
Semmes’s length estimates in [18]. These area estimates are obtained by
homological intersection counting in the spirit of Freedman and Skora [9,
Lemma 2.5]; see Proposition 4.1 and Corollary 4.2.
These modulus estimates, when applied to the decomposition space as-
sociated to the Bing–Blankinship construction, yield a sharp higher dimen-
sional metric analog of Semmes’s non-parametrizability result [18] for met-
rics on S3. We discuss this result (Theorem 6.1) and its relation to the result
of Heinonen and Wu in Section 6.
This article is organized as follows. In Section 3, we discuss the Bing–
Blankinship decomposition space Sn/BB and show that Sn/BB is homeo-
morphic to Sn. We also construct the almost smooth metric d in Theorem
6.1. In Section 4 we prove Freedman–Skora intersection results for the de-
composition associated to Sn/BB. In Section 5 we discuss modulus estimates
in (Sn, d) and in the Euclidean sphere Sn for families of (n− 2)-tori associ-
ated to decomposition yielding Sn/BB. In Section 6 we prove Theorem 6.1
and finally Theorem 1.1 in Section 7.
Acknowledgments. We thank Jang-Mei Wu for discussions on the shrink-
ability of the Bing–Blankinskip necklace.
2. Preliminaries
We begin this section with a general discussion on the metric theory of
quasiconformal mappings and Loewner spaces. As a second topic we recall
notions from point set topology related to decomposition spaces. We finish
this section with a discussion on Semmes metrics on decomposition spaces.
2.1. Loewner spaces and quasiconformal maps. A homeomorphism
f : X → Y between metric spaces (X, dX) and (Y, dY ) is quasiconformal if
there exists H <∞ satisfying
(2.1) lim sup
r→0
supdX(x,y)≤r dY (f(x), f(y))
infdX(x,y)≥r dY (f(x), f(y))
≤ H
for every x ∈ X. A homeomorphism f : X → Y is η-quasisymmetric, where
η : [0,∞)→ [0,∞) is a homeomorphism, if
dY (f(x), f(y))
dY (f(x), f(z))
≤ η
(
dX(x, y)
dX(x, z)
)
for all triples x, y, z ∈ X of distinct points in X.
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The spaces we consider in this article are Ahlfors n-regular and linearly
locally contractible. A metric measure space (X, d, µ) is Ahlfors n-regular if
there exists a constant C > 0 for which
1
C
rn ≤ µ(BX(x, r)) ≤ Crn
for all open metric balls BX(x, r) = {y ∈ X : d(x, y) < r} of radius 0 <
r ≤ diamX about x in X. We call a metric space (X, d) Ahlfors n-regular
if (X, d,Hn) is n-regular; here and in what follows Hn is the Hausdorff
n-measure with respect to the metric d. Further, X is linearly locally con-
tractible if there exists C > 0 so that each ball BX(x, r) in X is contractible
in BX(x,Cr) for all r < (diamX)/C.
Connected and orientable n-manifolds that are Ahlfors n-regular and lin-
early locally contractible support (1, n)-Poincare´ inequality; see [17, Theo-
rem B.10]. Thus, when proper, they are n-Loewner spaces by a result of
Heinonen and Koskela [12, Theorem 5.7]. Further, a quasiconformal home-
omorphism between bounded Ahlfors n-regular spaces (n > 1) is quasisym-
metric if the domain is a Loewner space and the target linearly locally
contractible [12, Theorem 4.9].
A space (X, d, µ) is n-Loewner if there exists nonincreasing positive func-
tion φ : (0,∞)→ (0,∞) such that
(2.2) Modn(Γ(E,F )) ≥ φ(t) > 0
whenever E and F are two disjoint, non-degenerate continua in X and
t ≥ dist(E,F )
min(diamE,diamF )
.
Here Modn(Γ(E,F )) is the n-modulus of the family Γ(E,F ) of all paths
connecting E and F .
Recall that the p-modulus Modp(Γ), for p ≥ 1, of a path family Γ in
(X, d, µ) is
Modp(Γ) = inf
∫
X
ρp dµ,
where the infimum is taken over all non-negative Borel functions ρ : X →
[0,∞] satisfying ∫
γ
ρds ≥ 1
for all locally rectifiable paths γ ∈ Γ.
More generally, given a family S of l-manifolds (possibly with boundary)
in X, where l ∈ {1, . . . , n− 1}, the p-modulus Modp(S) of S is
Modp(S) = inf
∫
X
ρp dµ,
where the infimum is taken over all non-negative Borel functions ρ : X →
[0,∞] satisfying
(2.3)
∫
S
ρ(x) dHl ≥ 1
for all S ∈ S. A function ρ satisfying (2.3) is called an admissible function
for S.
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The proofs of Theorems 1.1 and 6.1 are based on the quasi-invariance of
the n/(n− 2)-modulus of a family of (n− 2)-manifolds. More precisely, we
consider the modulus of a family Σ = {{x}×(S1)n−2 ⊂ B2×(S1)n−2 : x ∈ Ω}
in B2 × (S1)n−2, where Ω ⊂ B2 is a neighborhood of the boundary of B2.
Given a quasiconformal map f : Ω × (S1)n−2 → U , where U ⊂ Rn is a
domain, we have
(2.4)
1
C0
Mod n
n−2
(Σ) ≤ Mod n
n−2
(fΣ) ≤ C0 Mod n
n−2
(Σ),
where C0 = C0(n,H) > 0 depends only on n and the quasiconformality con-
stant H of f ; see [1, Theorem 6]. The n/(n−2)-modulus of Σ is conformally
invariant and is therefore called the conformal modulus of Σ.
Remark 2.1. We note, in passing, that our definition for the p-modulus of
a family of l-manifolds is slightly more restrictive than the definition given
in Agard [1] as we have used the Hausdorff l-measure in the definition of
admissbile functions in place of more general l-dimensional measure. We
also refer to Rajala [15] for a definition of modulus for more general families
of geometric sets.
2.2. Decomposition spaces, initial packages, and defining sequences.
We introduce now the topological notions of a decomposition space and a
defining sequence which will be used throughout the article. The defining
sequences we consider are induced by (Semmes’s) initial packages; see [18,
Section 2] for a detailed discussion on initial packages.
A decomposition of topological space X is a partition of X. The partitions
G we consider are upper semi continuous (usc), that is, elements of G are
closed subsets of X and for each g ∈ G and every neighborhood U of g in
X there exists a neighborhood V of g contained in U so that every g′ ∈ G
intersecting V is contained in U . A defining sequence X = (Xk)k≥0 for
the decomposition G is a decreasing sequence of closed sets X for which the
components of
⋂
k≥0Xk are exactly the non-degenerated elements in G, that
is, elements g ∈ G which are not points.
The decomposition space X/G associated to G is the quotient space with
the quotient topology induced by the canonical map X → X/G; for usc
decompositions, X/G is a metrizable space. We refer to Daverman [6] for a
detailed discussion on decomposition spaces.
A tuple I = (M ;ϕ1, . . . , ϕp) is a smooth initial package if M is a compact
manifold with boundary and each ϕi : M → M is a smooth embedding
with the property that images ϕi(M) are pair-wise disjoint. Initial packages
I = (M ;ϕ1, . . . , ϕp) and I
′ = (M ′;ϕ′1, . . . , ϕ′p) are equivalent if there exists
a diffeomorphism β : M → M ′ for which ϕ′i = β ◦ ϕi ◦ β−1; we say that
diffeomorphism β conjugates I and I′.
Each initial package I = (M ;ϕ1, . . . , ϕp) induces a natural tree ordered
by inclusion. More precisely, letWp be the set of all finite words in alphabet
{1, . . . , p}. For each w = i1 · · · ik ∈ Wp, let ϕw : M →M be the embedding
ϕw := ϕi1 ◦ · · · ◦ ϕik ; for w = ∅, we set ϕ∅ = id. Then ϕw(M) ⊃ ϕwi(M) for
each i = 1, . . . , p and w ∈ Wp. We call the ordered tree TI = (ϕw(M))w∈Wp
the defining tree of I.
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The defining sequence for I is the sequence XI = (XI,k)k≥0 where XI,k =⋃
|w|=k ϕw(M) and |w| is the length of the word w. Note that, by construc-
tion, for each w ∈ Wp of length k, the set ϕw(M) is a component of XI,k.
The decomposition GI of M is the decomposition associated to the defin-
ing sequence XI. We denote the set
⋂
k XI,k, the singular set of the initial
package I, by S(I).
In forthcoming sections we consider defining sequences, which are not
defining sequences for initial packages, but are topologically equivalent to
such defining sequences. For this purpose, we say that M = (Mw)w∈Wp is
an ordered tree if Mwi ⊂ Mw for each w ∈ Wp and i = 1, . . . , p. Ordered
trees M = (Mw)w∈Wp and M′ = (M ′w)w∈Wp are equivalent if there exists
a homeomorphism θ : M∅ → M ′∅ satisfying θ(Mw) = M ′w for each w ∈ Wp.
Further, we say that an ordered tree M is equivalent to the initial package
I if M is equivalent to the tree TI.
Convention. Let (M ;ϕ1, . . . , ϕp) be an initial package, E ⊂ M a set, and
let w ∈ Wp be a word. Then Ew ⊂ M is the set Ew = ϕw(E) unless
otherwise specified.
2.3. Semmes metrics. The metric d on Sn in Theorem 1.1 stems from a
construction of a quasi-self-similar metric on a decomposition space of Sn.
These metrics are introduced in [18] and called Semmes metrics in [14]. They
are defined as follows.
A metric d on a decomposition space M/GI associated to an initial pack-
age I is a Semmes metric if there exists λ > 0 and L ≥ 1 for which
λk
L
d(x, y) ≤ d(ϕw(x), ϕw(y)) ≤ Lλkd(x, y)
for each x, y ∈ M/GI and each word w = i1 · · · ik; we call the metric space
(M/GI, d) a (self-similar) Semmes space and λ the scaling constant of the
metric d. We refer to [14, Section 7] for Semmes metrics and Semmes spaces
associated to non-self-similar decomposition spaces.
Metric spaces (M/GI, d) are Ahlfors n-regular and LLC under mild con-
ditions on the metric d and the initial package I. We record these facts as
lemmas. The proofs are minor variations of the proofs of [14, Proposition
7.8] and [14, Proposition 7.9], respectively.
Lemma 2.2. Let M be an n-manifold with boundary for n ≥ 3, I =
(M ;ϕ1, . . . , ϕp) an initial package, and d a Semmes metric on M/GI with
a scaling constant λ ∈ (0, p−1/n). Then (M/GI, d) is Ahlfors n-regular.
Lemma 2.3. Let M be an n-manifold with boundary for n ≥ 3, I =
(M,ϕ1, . . . , ϕp) an initial package, and d a Semmes metric on M/GI. Sup-
pose ϕwi(M) contracts in ϕw(M) for each w ∈ Wp and i ∈ {1, . . . , p}. Then
(M/GI, d) is linearly locally contractible.
3. Bing–Blankinship spheres
In this section, we introduce first the construction of the Bing–Blankinship
necklace which yields the decomposition space Sn/BB. In the construction
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we present in this, we combine the idea of Blankinship in [4] based on An-
toine’s necklace with a contruction of Bing in [3]. We also adapt Bing’s
method to show that the space Sn/BB is homeomorphic to Sn.
3.1. The decomposition space Sn/BB. Let n ≥ 3 and ψ : (S1)n−2 →
(S1)n−2 be the cyclic permutation
(x1, x2, . . . , xn−2) 7→ (xn−2, x1, x2, . . . , xn−3),
where we understand ψ = id for n = 3. Let also IB = (B2 × S1;ϕ1, ϕ2) be
an initial package for the Bing double; see Figure 1.
Figure 1. The Bing double.
A generalization of the initial package IB to dimension n is
IB,n = (B2 × (S1)n−2; ϕ˜1, ϕ˜2),
where
ϕ˜i = (ϕi × id(S1)n−3) ◦ (idB2 × ψ).
We call the initial package IB,n the Bing–Blankinship package; note that
IB,3 = IB. As in [4], we call a space homeomorphic to T = B2× (S1)n−2 an
n-tube. We call n-tubes
Tw = ϕ˜w(B2 × (S1)n−2)
for w ∈ W2, Blankinship rings.
To obtain a decomposition of Sn, we fix a smooth embedding ϑ : T→ Sn
for which ϑ(T) ⊂ Rn ⊂ Sn and there exists x0 ∈ S1 satisfying
(i) ϑ(B2 × S1 × {x0}n−3) ⊂ R3 × {0}n−3,
(ii) ϑ(ϕi(B2 × S1)× {x0}n−3) ⊂ R3 × {0}n−3 for i = 1, 2, and
(iii) ϑ ◦ (idB2 × ψk) = (idR2 × ψ′)k ◦ ϑ for each k ∈ N, where ψ′ : Rn−2 →
Rn−2 is the cyclic permutation (x1, . . . , xn−2) 7→ (xn−2, x1, . . . , xn−3).
The decomposition space Sn/BB is now the decomposition space obtained
by collapsing the components of ϑ(S(IB,n)). Thus there exists a natural
embedding ϑ′ : T/GIB,n → Sn/BB satisfying
T ϑ //

Sn

T/GIB,n
ϑ′ // Sn/BB
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where vertical arrows are canonical maps x 7→ [x].
In the following two sections, we show that the space Sn/BB admits a
good embedding into the Euclidean sphere Sn+1 and that Sn/BB is topo-
logically an n-sphere. Using this two observations, we construct in Section
3.4 an almost smooth metric on the standard n-sphere Sn having the Bing–
Blankinship necklace as the singular set.
3.2. Embedding of Sn/BB into Sn+1. The space Sn/BB admits a embed-
ding into Sn+1, which is modular in the terminology of [14].
Proposition 3.1. Let n ≥ 3 and λ ∈ (0, 1). Then there exists a map
ρ˜ : Sn → Sn+1 with the following properties:
(i) ρ˜| (Sn \ S(IB,n)) : Sn \ S(IB,n) → Sn+1 is a smooth embedding for
which ρ˜(x) = x for every x ∈ Sn \ ϑ(T), and
(ii) there exists L ≥ 1 so that, for each word w ∈ W2, the map ρ˜w =
ρ˜ ◦ ϑ ◦ ϕ˜w ◦ ϑ−1|ϑ(T \ (T1 ∪ T2)) : ϑ(T \ (T1 ∪ T2))→ Sn+1 satisfies
λ|w|
L
|x− y| ≤ |ρ˜w(x)− ρ˜w(y)| ≤ Lλ|w||x− y|
for all x, y ∈ ϑ(T \ (T1 ∪ T2)).
In particular, ρ˜(S(IB,n)) is a Cantor set in Sn+1 and there exists an embed-
ding Sn/BB→ Sn+1 for which the diagram
Sn
ρ˜ //
x 7→[x]
##
Sn+1
Sn/BB
::
commutes.
The proof of Proposition 3.1 is a minor modification of the argument of
Semmes in [18, Lemma 3.21] and we merely sketch the proof; see also [14,
Section 6] for a similar construction.
Sketch of a proof of Proposition 3.1. Let Tw = ϑ(Tw) for each w ∈ W2. Let
also ϕ˜′i = ϑ ◦ ϕ˜i ◦ ϑ−1|T∅ for i = 1, 2. Then I′B,n = (T∅; ϕ˜′1, ϕ˜′2) is an initial
package.
The construction of the map ρ˜ is self-similar with respect to the initial
package I′B,n, and we describe only the first step. We may assume that
T = T∅ ⊂ Rn ⊂ Sn. Let µ =
∑∞
k=0 λ
k and let B ⊂ Rn be a Euclidean
ball containing T for which dist(T,Rn \B) ≥ 2µ. For each w ∈ W2 we also
denote by Cw the cylinder Tw × [−λ|w|, λ|w|] ⊂ Rn+1. For simplicity, we
denote C = C∅ and U = B × [−2µ, 2µ].
Let gi : C → Rn+1, for i = 1, 2, be λ-similarities for which gi(T ) ⊂ Rn ×
{λ} and the images g1(T ) and g2(T ) are pair-wise disjoint. Then there
exists a diffeomorphism G1 : U → U for which G1|∂U = id, G1|∂T = id and
G1(ϕ˜
′
i(x), λs) = gi(x, s) for (x, s) ∈ C. The existence of G1 follows from
Semmes’s unlinking argument in dimension 3.
Indeed, recall that we have assumed that there exists x0 ∈ S1 for which
t = ϑ(B2 × S1 × {x0}n−3) and ti = ϑ(ϕ˜i(B2 × S1 × {x0}n−3)) for i =
1, 2. Let now θ = (θ1, θ2, θ3, θ4) : C ∩ R3 → R4 be Semmes’s re-embedding
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(see [18, Definition 3.2]) unlinking t1 and t2 in R4. The diffeomorphism
G1 is now obtained by extending the embedding C ∩ R3 → Rn+1, x 7→
(θ1(x), θ2(x), θ3(x), x4, . . . , xn, θ4(x)). We leave the technical details to the
interested reader and merely refer to Semmes’s isotopy extension lemma [18,
Lemma 4.1].
The construction of the diffeomorphism can now be iterated inG1(C1∪C2)
to obtain, for each k, a diffeomorphism Gk : U → U satisfying
Gk|
U \ ⋃
|w|=k−1
Cw
 = Gk−1|
U \ ⋃
|w|=k−1
Cw
 ,
and for which, for each w ∈ W2 of length k, holds that
(a) Gk|Cw is a λ-similarity,
(b) Gk(ϕ˜
′
w(x), λ
kt) = gw(x, t) for (x, t) ∈ C, and
(c) Gk(ϕ˜
′
w(x), 0) ⊂ Rn × {λk}, where λk =
∑k
i=0 λ
i.
We refer to [18, Lemma 3.21], or [14, Section 6], for more details. 
3.3. The space Sn/BB is an n-sphere. We show now that Sn/BB is
homeomorphic to Sn; see e.g. DeGryse–Osborne [7]. For the purposes of
our main theorem (Theorem 1.1), we emphasize the smoothness properties
of this homeomorphism and formulate the result as follows.
Proposition 3.2. There exists a map ρˆ : Sn → Sn which restricts to a
diffeomorphism ρˆ| (Sn \ S(IB,n)) : Sn \ S(IB,n) → Sn \ ρˆ(S(IB,n)) and for
which there exists a homeomorphism Sn/BB→ Sn so that the diagram
Sn
ρˆ //
x 7→[x]
##
Sn
Sn/BB
≈
;;
commutes. In particular, ρˆ(S(IB,n)) is a Cantor set.
The proof of Proposition 3.2 may be considered as classical. In the heart
of the argument is Bing’s original shrinking lemma [3, Lemma, p.358], which
we formulate as follows.
Lemma 3.3. Let IB = (B2 × S1;ϕ1, ϕ2) be an initial package for the Bing
double, k ∈ N, and ε > 0. Then there exists an integer m ≥ k and a
diffeomorphism %ˆ : B2 × S1 → B2 × S1 for which
(1) %ˆ|(B2 × S1) \⋃|w|=k ϕw(B2 × S1) = id,
(2) for each word w of length k, there exists a neighborhood ωw of ∂ϕw(B2×
S1) in ϕw(B2 × S1) for which %ˆ|ωw = id, and
(3) for each word w of length m, diam %ˆ(ϕw(B2 × S1)) < ε.
We adapt the proof of Bing’s shrinking lemma to obtain a corresponding
shrinking lemma for the Bing–Blankinship construction.
Lemma 3.4. Let n ≥ 3 and let IB,n = (T; ϕ˜1, ϕ˜2) be an initial package for
the n-dimensional Bing–Blankinship construction, where T = B2 × (S1)n−2.
Let also k ∈ N, and ε > 0. Then there exists an integer m ≥ k and a
diffeomorphism %ˆ : T→ T so that
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(1) %ˆ|T \⋃|w|=k Tw = id,
(2) for each word w of length k, there exists a neighborhood Ωw of ∂Tw
in Tw for which %ˆ|Ωw = id, and
(3) for each word w of length m, diam %ˆ(Tw) < ε.
3.3.1. Bing’s shrinking rearrangement; Proof of Lemma 3.3. As a prepara-
tion for the proof of Lemma 3.4, we recall in this section Bing’s shrinking
argument for the decomposition GIB in [3]. Let t ⊂ R3 be a solid 3-torus
and (t;φ1, φ2) an initial package equivalent to IB.
Let ε > 0. It suffices to show that there exists m ∈ N and a diffeomor-
phism h : t → t for which there exists a neighborhood ω ⊂ t of ∂t so that
h|ω = id and diamh(tw) < ε for each w ∈ W2 of length m. This is the case
k = 0 of the statement. Since the diffeomorphism φw : t → tw is absolutely
continuous for each w ∈ W2, the general case follows from this special case.
Step 0. Let τ0 = t. We fix an initial package I
′
1 = (t;φ
′
1, φ
′
2) equivalent
to IB so that the solid torus φ
′
i(t) is a tubular δ0-neighborhood of a smooth
curve σi ⊂ t for some δ0 ∈ (0, ε/4) for both i = 1, 2. Recall that a smooth
curve σ ⊂ t is an image of a smooth embedding S1 → t and a δ-neighborhood
of σ is B3(σ, δ) = {x ∈ R3 : dist(x, σ) < δ}. Let h0 : t → t be a diffeomor-
phism conjugating (t;φ1, φ2) to I
′
1. Note that, by this choice of a new initial
package, we merely shrink the width of the rings. In what follows we con-
sider only the solid torus τ1 = φ1(t); the same argument applies verbatim
to τ2 = φ2(t) and σ2.
Let m ∈ N be such that there exists points x1, . . . , x2m in σ1 in a cyclic
order so that, for each x ∈ σ1, dist(x, {x1, . . . , x2m}) < ε/4. For each
i = 1, . . . , 2m, let Pi be a 2-dimensional plane in R3 meeting σ1 at xi or-
thogonally and let Di = B
3(xi, δ0) ∩ Pi ⊂ τ1. The number δ0 > 0 can be
chosen small enough so that each Di intersects σ1 only at xi. Note that, if a
connected set E ⊂ τ1 intersects only one of the disks Di, then diamE < ε.
We now follow Bing’s argument and show that there exists a diffeomor-
phism h : t→ t so that, for each w ∈ W2 of length m, h(tw) intersects only
one of the disks Di for i = 1, . . . , 2m. This concludes the proof.
Step 1. Let δ1 < δ0 and let I
′
2 = (τ1;φ
′
11, φ
′
12) be an initial package
equivalent to IB satisfying the following properties. For i = 1, 2, we assume
that the solid torus τ1i = φ
′
1i(τ1) is a δ1-neighborhood of a smooth curve
σ1i ⊂ τ1. We also assume that{
#(σ11 ∩Dj) = 2
#(σ12 ∩Dj) = 0
and
{
#(σ11 ∩Dm+j) = 0
#(σ12 ∩Dm+j) = 2
for j = 1, . . . ,m. Since I′2 is equivalent to IB, these conditions force σ11
and σ12 to link between disks D1 and D2m and between Dm and Dm+1; see
Figure 2 for the configuration.
Due to the equivalence of initial packages, there exists a diffeomorphism
h1 : t→ t which is the identity in a neighborhood of t\ (τ1∪ τ2) and satisfies
h1(φ1j(t)) = φ
′
1j(τ1) for j = 1, 2. Similar rearrangement is possible in the
solid torus τ2.
If m = 1, then h1 satisfies the condition diamh1(φw(t)) < ε for all words
w of length k = 2.
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Figure 2. The tubes τ11 (blue) and τ12 (red) inside τ1.
Step 2. Suppose that m ≥ 2. We focus on the solid torus τ11 = φ′11(τ1);
constructions in other tori τij = φ
′
ij(τi) are verbatim. Following the idea
in Step 1, we fix smooth curves σ111 and σ112 in τ11 as in Figure 3 linked
between the disks D1 and D2 and the other between Dm−1 and Dm. We
also require that σ111 intersects exactly D1, . . . , Dm−1 and σ112 intersects
exactly D2, . . . , Dm. Furthermore, if m ≥ 3, for each i = 1, 2, we require
that σ11i intersects each of D2, . . . , Dm−1 exactly at 2 points.
Figure 3. The tubes τ111 (brown) and τ112 (red) inside τ11.
As in Step 1, we fix δ2 ∈ (0, δ1) and an initial package I′3 = (τ11;φ′111, φ′112)
so that φ′11i(τ11) = B
3(σ11i, δ2) for i = 1, 2. Similarly with σ111, σ112, we may
assume that τ111 = φ
′
111(τ11) intersects exactly D1, . . . , Dm−1 and τ112 =
φ′112(τ11) intersects exactly D2, . . . , Dm.
There exists now a diffeomorphism h2 : t→ t which coincides with h1 on
t \⋃|w|=2 τw. Moreover, if m = 2, diamh(φw(t)) < ε for |w| = 3.
Induction assumption. Suppose we have continued the process for k ≥ 1
steps and that there exists δk > 0 so that, for each w ∈ W2 of length k + 1,
(a) the solid torus τw is the δk-neighborhood of the smooth core curve
σw of τw,
(b) σw intersects exactly m− k+ 1 consecutive disks in {D1, . . . , D2m},
(c) σw intersects m − k consecutive disks in {D1, . . . , D2m} at exactly
two points.
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Step k + 1. Let w be a word of length k + 1 and let j ∈ N be such that
σw intersects disks Dj , . . . , Dj+m−k. By the previous step, we may assume
that σw intersects disks Dj+1, . . . , Dj+m−k at exactly two points.
Let σw1 and σw2 be smooth pair-wise disjoint curves in τw with the fol-
lowing properties:
(1) σw1 and σw2 link as in Figure 1, that is, (τw, σw1∪σw2) and (τ0, σ1∪
σ2) are diffeomorphic as pairs;
(2) σw1 and σw2 link between Dj and Dj+1 and between Dj+m−k−1 and
Dj+m−k;
(3) there exists j ∈ {1, . . . , 2m} so that σw1 intersects exactly disks
Dj , . . . , Dj+m−k−1 and σw2 exactly disks Dj+1, . . . , Dj+m−k; and
(4) if m ≥ k+ 2, σwi intersects each disk Dj+1, . . . Dj+m−k−1 exactly at
2 points for i = 1, 2.
Let now δk+1 ∈ (0, δk) be such that there exists smooth embeddings
φ′wi : τw → τw for which φ′wi(τw) = B3(σwi, δk+1) and (τw;φ′w1, φ′w2) is equiv-
alent to the initial package IB.
We conclude again that there exists a diffeomorphism hk+1 : t→ t which
agrees with hk in t\
⋃
|v|=k+1 τv and satisfies hk+1(φwi(t)) = φ
′
wi(τw) for each
|w| = k and i = 1, 2. This concludes the induction step.
Step m; end of the process. Suppose that we have reached the step k = m.
Then, for each w ∈ W2 of length m+ 1, the solid torus τw intersects exactly
one of the disks D1, . . . , D2m. Thus diamhm(tw) < ε for |w| = m+ 1. This
completes the proof.
3.3.2. Proof of Lemma 3.4. We apply Bing’s idea to rearrange the Blankin-
ship rings Tw (or equivalently rings ϑ(Tw)) so that the diameters decrease
to zero as |w| → ∞. We discuss the details of the proof of Lemma 3.4 only
in dimension n = 4 for brevity. The homeomorphism %ˆ is obtained similarly
in higher dimensions.
We use notation and constructions from the proof of Lemma 3.3. In the
forthcoming steps, we endow each curve σ ⊂ R3 with the restriction of the
Euclidean metric and denote this metric by dσ. We also consider product
spaces (σ, dσ)×B2(δ) and (σ, dσ)×B2(δ)×(σˆ, dσˆ) for δ > 0, which we endow
with the `2-metrics
dσ,δ((x, z), (x
′, z′)) =
(
dσ(x, x
′)2 + |z − z′|2)1/2
and
dσ,δ,σˆ((x, z, y), (x
′, z′, y′)) =
(
dσ(x, x
′)2 + |z − z′|2 + dσˆ(y, y′)2
)1/2
,
respectively, where (x, z), (x′, z′) ∈ (σ, dσ) × B2(δ) and (x, z, y), (x′, z′, y′) ∈
(σ, dσ)× B2(δ)× (σˆ, dσˆ).
We begin with a simple observation on bilipschitz parametrizations of
tubular neighborhoods of smooth curves in R3, which we record as a lemma;
see [19, Theorem 9.20]. Recall that
B3(σ, δ) = {x ∈ R3 : dist(x, σ) ≤ δ}
denotes a δ-neighborhood of σ in R3.
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Lemma 3.5. Suppose σ ⊂ Rn is a closed smooth simple curve. Then, for
each L > 1, there exists δ > 0 and an L-bilipschitz diffeomorphism
eσ,δ : (σ, dσ)× B2(δ)→ B3(σ, δ)
such that eσ,δ(x, 0) = x for all x ∈ σ.
Let σ ⊂ R3 be a smooth simple closed curve and δ > 0. Given a diffeo-
morphism eσ,δ as in Lemma 3.5, we define a diffeomorphism eˆσ,δ : B2(δ) ×
(σ, dσ) → B3(σ, δ) by eˆσ,δ(u, x) = eσ,δ(x, u). If σˆ is another smooth simple
closed curve in R3, we call a diffeomorphism
Gσ,δ,σˆ : B
3(σ, δ)× (σˆ, dσˆ)→ (σ, dσ)×B3(σˆ, δ)
defined by
Gσ,δ,σˆ = (idσ × eˆσˆ,δ) ◦ (eσ,δ × idσˆ)−1
a neighborhood switch.
To simplify the notation in the proof of Lemma 3.4, we define, for each
word w = i1 · · · ik and wˆ = j1 · · · j` in W2, their interlace [w, wˆ] ∈ W2 by
[w, wˆ] =
{
i1j1i2j2 · · · ikjkjk+1 · · · j`, if ` ≥ k,
i1j1i2j2 · · · i`j`i`+1 · · · ik, if` < k.
Proof of Lemma 3.4. Let ε > 0. Since the diffeomorphism φw : t → tw is
absolutely continuous for each w ∈ W2, it suffices to consider only the case
k = 0. In what follows, we denote T = S1 × B2 × S1 and Tw = ϕ˜w(T) for
w ∈ W2. For completion, we set σ0 = σˆ0 = S1 ⊂ R3.
We construct iteratively a finite ordered tree (Tu)|u|≤m equivalent to IB,n,
where u ∈ W2 has length at most 2m and diamTu < ε for each |u| = 2m.
The required 4-tubes Tu and the level m are found by showing that there
exists δ0 > 0 so that, if m ∈ N is the level associated to diameter ε′ = εδ0/20
in Lemma 3.3, we find 4-tubes Tu for which there exists (δ0/8)-bilipschitz
diffeomorphisms T[w,wˆ] → (σw, dσw) × B2(δm) × (σwˆ, dσwˆ) for each w, wˆ ∈
W2 of length m, where σw and σwˆ are core curves of 3-tubes τw and τwˆ,
respectively, as in the proof of Lemma 3.3. The diameter bound follows
then from diameter bounds of curves σw.
Roughly speaking, the curves σw and σwˆ are obtained by applying Bing’s
shrinking rearrangement in the two S1 directions of T. In Steps (k, 1) below,
k ∈ N ∪ {0}, we apply the shrinking rearrangement for the first direction
and Steps (k, 2) for the second.
Fix δ0 ∈ (0, 1) small enough so that the diffeomorphism eσ0,δ0 of Lemma
3.5 is 2-bilipschitz. Set τ0 = B
3(σ0, δ0) and define R0 : T→ τ0 × σˆ0 by
(x, u, y) 7→ (eσ0,δ0(x, δ0u), y).
Then R0 is a (2/δ0)-bilipschitz diffeomorphism.
Step (0,1). Let τ1 = B
3(σ1, δ1) and τ2 = B
3(σ2, δ1) be 3-tubes in τ0,
where σ1 and σ2 are smooth simple curves linked in τ0 as in Figure 1, and
δ1 < εδ0/20. We choose δ1 small enough so that the diffeomorphisms eσ1,δ1
and eσ2,δ1 , in Lemma 3.5, and the diffeomorphism eˆσˆ0,δ1 , associated to eσˆ,δ1 ,
are 21/2-bilipschitz. For each i = 1, 2, let φi : τ0 → τ0 be a diffeomorphism
with φi(τ0) = τi. Define Φi : T → T by Φi = R−10 ◦ (φi × id) ◦ R0 and set
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Ti = Φi(T) ⊂ T. Note that the initial package (T; Φ1,Φ2) is conjugate to
(T; ϕ˜1, ϕ˜2) and that the diagram
T
R0

Φi // Ti
τ0 × (S1, dS1)
φi×id // τi × (S1, dS1)
R−10 |τi×S1
OO
commutes.
Step (0,2). Set τˆ0 = B
3(σˆ0, δ1) and, for i = 1, 2, let Ri : Ti → (σi, dσi)× τˆ0
be the mapping
Ri = Gσi,δ1,σˆ0 ◦R0.
Let τˆ1 = B
3(σˆ1, δˆ1) and τˆ2 = B
3(σˆ2, δˆ1) be 3-tubes in τˆ0, where σˆ1 and σˆ2 are
smooth simple curves, linked inside τˆ0 as in Figure 1, and δˆ1 < δ1. Moreover,
we may assume that δˆ1 is small enough so that the diffeomorphisms eˆσˆj ,δˆ1 and
eσi,δˆ1 are 2
1/4-bilipschitz for i, j ∈ {1, 2}. For each j = 1, 2, let φˆj : τˆ0 → τˆ0
be a diffeomorphism satisfying φˆj(τ0) = τˆj . Define also Φij : Ti → Ti by
Φij = R
−1
i ◦ (id × φj) ◦ Ri and set Tij = Φij(Ti) ⊂ Ti. Then the initial
package (Ti; Φi1,Φi2) is conjugate to (T; ϕ˜1, ϕ˜2) and the diagram
Ti
Ri

Φij // Tij
(σi, dσi)× τˆ0
id×φˆj // (σi, dσi)× τˆj
R−1i |σi×τˆj
OO
commutes.
Let m ∈ N be the number of steps needed in Bing’s shrinking procedure
for τ0 and εδ0/20. We may assume that the same number of m steps is
needed in Bing’s shrinking procedure for the simple curve τˆ0 and diameter
εδ0/20. We now apply Steps 1 to m of Bing’s shrinking procedure to both
curves τ0 and τˆ0.
Suppose that after Step (k, 1) and Step (k, 2) we have obtained radii
δ0 > δˆ0 > · · · > δk > δˆk > 0
and, for each ` ∈ {1, . . . , k}, w = i1 · · · i` and wˆ = j1 · · · j`−1 in W2, and
j = 1, 2, we have
(1) smooth closed simple curves σw and σˆwˆj as in the Step ` of Bing’s
shrinking procedure so that τw = B
3(σw, δ`) and τˆwˆj = B
3(σˆwˆj , δˆ`)
are 3-tubes;
(2) a 4-tube T[w,wˆj] and a diffeomorphic embedding
Φ[w,wˆj] : T[w,wˆ] → T[w,wˆ]
for which T[w,wˆj] = Φ[w,wˆj](T[w,wˆ]) and (T[w,wˆ]; Φ[w,wˆ1],Φ[w,wˆ2]) is con-
jugate to (T; ϕ˜1, ϕ˜2);
(3) diffeomorphisms eσw,δˆk and eˆσˆwˆj,δˆk
as in Lemma 3.5 which are 22
−2k
-
bilipschitz; and
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(4) a diffeomorphism R[w,wˆ] : T[w,wˆj] → (σw, dσw)× τˆwˆ satisfying
R[w,wˆ] = Gσw,δk,σˆwˆ ◦R[w,wˆj].
Step (k+1, 1). Let w, wˆ ∈ W2 be words of length |w| = k and |wˆ| = k−1.
We define
R[w,wˆj] : T[w,wˆj] → τw × (σˆwˆj , dσˆwˆj )
for j = 1, 2 by
R[w,wˆj] = (Gσw,δˆk,σˆwˆj )
−1 ◦R[w,wˆ].
Let σw1 and σw2 be smooth simple closed curves in τw as in Step k + 1
of Bing’s shrinking procedure, and δk+1 < δˆk be small enough so that the
diffeomorphisms eσwi,δk+1 and eˆσˆwˆj ,δk+1 of Lemma 3.5 are 2
2−2k−1-bilipschitz
for i, j ∈ {1, 2}.
For i = 1, 2, let τwi = B
3(σwi, δk+1) and φwi : τw → τwi be a diffeomor-
phism. Define also, for j = 1, 2,
Φ[wi,wˆj] : T[w,wˆj] → T[w,wˆj]
by
Φ[wi,wˆj] = R
−1
[w,wˆj] ◦ (φwi × id) ◦R[w,wˆj],
and set
T[wi,wˆj] = Φ[wi,wˆj](T[w,wˆj]) ⊂ T[w,wˆj].
Step (k + 1, 2). For w and wˆ in W2 of length k, define
R[wi,wˆ] : T[wi,wˆ] → (σwi, dσwi)× τˆwˆ
for i = 1, 2, by
R[wi,wˆ] = Gσwi,δk+1,σˆwˆ ◦R[w,wˆ].
Let σwˆ1 and σwˆ2 be two smooth simple closed curves in τˆwˆ as in Step k + 1
of Bing’s shrinking procedure, and δˆk+1 < δk+1 be small enough so that the
diffeomorphisms eσwi,δˆk+1 and eσˆwˆj ,δˆk+1 of Lemma 3.5 are 2
2−2k−2-bilipschitz
for i = 1, 2.
For each j ∈ {1, 2}, let τˆwˆj = B3(σˆwˆj , δˆk+1) and φˆwˆj : τˆwˆ → τˆwˆj be a
diffeomorphism. Define now
Φ[wi,wˆj] : T[wi,wˆ] → T[wi,wˆ]
for i, j ∈ {1, 2} by
Φ[wi,wˆj] = R
−1
[wi,wˆ] ◦ (id× φˆwi) ◦R[wi,wˆj]
and set
T[wi,wˆj] = Φ[wi,wˆj](T[wi,wˆ]) ⊂ T[wi,wˆ]
for each i and j.
Suppose we have completed Step (m, 2) and let w = i1 · · · im and wˆ =
j1 · · · jm be words in W2. By the choice of radii δ` and δˆ` for ` = 1, . . . ,m,
the diffeomorphism
R[w,j1···jm−1] : T[w,wˆ] → B3(σw, δm)× (σˆwˆ, dσˆwˆ),
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is (8/δ0)-bilipschitz. Indeed, denote, for each ` ∈ {1, . . . ,m},w` = i1 · · · i`
and wˆ` = j1 · · · j`. Then
R[w,wˆm−1] = Gσw,δm,σˆwˆm−1 ◦R[wm−1,wˆm−1]
= Gσw,δm,σˆwˆm−1 ◦ (Gσwm−1 ,δˆm−1,σˆwˆm−1 )
−1 ◦R[wm−1,wˆm−2]
= G′m ◦ · · · ◦G′2 ◦Gσi1 ,δ1,σˆ0 ◦R0,
where
G′` = Gσw` ,δ`,σˆwˆ`−1 ◦ (Gσw`−1 ,δˆ`−1,σˆwˆ`−1 )
−1
for each ` = 2, . . . ,m.
Since diamσw < εδ0/20 and diam σˆwˆ < εδ0/20,
diamT[w,wˆ] ≤ 8(δ0)−1(diamσw + diam σˆwˆ + δm) < ε.
This concludes the proof of Lemma 3.4. 
Proof of Proposition 3.2. The proof of Proposition 3.2 is identical to the
discussion in [3, Section 3.III]. By Lemma 3.4, there exists k1 ∈ N and a
diffeomorphism %ˆ1 : Sn → Sn which leaves each point of Sn \ (T1 ∪ T2) fixed
and maps each torus Tw, for |w| = k1, into a set of diameter less than
1. Then, by uniform continuity of (%ˆ1)
−1, there exists ε > 0 for which
a set E ⊂ Sn has diameter less than 1/2 if diam %ˆ1(E) < ε. Reapplying
Lemma 3.4, we find an integer k2 > k1 and a diffeomorphism %ˆ
′
2 : Sn → Sn
which leaves each point of Sn \ ⋃|w|=k1 Tw fixed and maps each torus Tw,
for |w| = k2, into a set of diameter less than ε. Then %ˆ2 = %ˆ1 ◦ %ˆ′2 is a
diffeomorphism of Sn into itself which maps each torus Tw, for |w| = k1, to
a set of diameter 1 and each torus Tw, for |w| = k2, to a set of diameter 1/2.
Iterating this procedure, we find a sequence of diffeomorphisms %ˆ1, %ˆ2, . . .
and integers k1 < k2 < · · · for which %ˆm+1|Sn \
⋃
|w|=km Tw = %ˆm|Sn \⋃
|w|=km Tw, and diam %ˆm(Tw) < 1/m for each |w| = km. The limit ρˆ =
limm→∞ %ˆm is a map ρˆ : Sn → Sn for which ρˆ(S(IB,n)) is a Cantor set
and the restriction ρˆ|Sn \ S(IB,n) : Sn \ S(IB,n) → ρˆ(Sn) \ ρˆ(S(IB,n) is a
diffeomorphism. The proof is complete. 
3.4. An almost smooth metric on Sn associated to Sn/BB. As a direct
corollary of Propositions 3.1 and 3.2, we obtain an almost smooth metric on
Sn having the Bing–Blankinship Cantor set as a singular set.
Corollary 3.6. Let n ≥ 3, IB,n be a Bing–Blankinship initial package, and
let ρˆ : Sn → Sn be a map as in Proposition 3.2. Let also E = ρˆ(S(IB,n)).
Then, there exists a Cantor set E ⊂ Sn and a Riemannian metric g in
Sn \E for which the completion of the associated length metric d is Ahlfors
n-regular and linearly locally contractible.
Proof. Let λ ∈ (0, 2−1/n) and let ρ˜ : Sn → Sn+1 be the mapping in Proposi-
tion 3.1. We set g to be the Riemannian metric (ρ˜ ◦ ρˆ−1|Sn \ E)∗g0, where
g0 is the Riemannian metric on Sn+1. Let d be the completion of the length
metric associated to g.
Let ρ′ : Sn/BB → Sn be the homeomorphism in Proposition 3.2 and d′
the pull-back metric d′(x, y) = d((ρ′ ◦ ϑ′)(x), (ρ′ ◦ ϑ′)(y)) on T/GIB,n . Then
d′ is a Semmes metric on Sn/BB, with respect to the initial package IB,n,
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of scaling constant λ. Thus (T/GIB,n , d′) is Ahlfors n-regular and LLC by
Lemmas 2.2 and 2.3. Thus also (Sn, d) is Ahlfors n-regular and LLC; see
e.g. [14, Proposition 7.8] and [14, Proposition 7.9] for details. 
4. Virtually interior-essential maps
In this section we prove a Freedman-Skora type result that, for a virtu-
ally interior essential map Φ: (B2, ∂B2) → (T, ∂T), the number of essential
intersections Φ(B2) ∩⋃|w|=k ϕ˜w(T) is at least 2k. We begin by introducing
terminology.
Let ω ⊂ B2 be a compact and connected 2-manifold with boundary. The
smallest 2-cell Dω in B2 containing ω is the hull of ω in B2, that is, Dω is
the unique 2-cell in B2 containing ω for which ∂Dω is a component of ∂ω.
We call ∂Dω the outer boundary of ω and ∂ω \ ∂Dω the inner boundary of
ω.
Let M be an n-manifold with boundary. A map of pairs Φ: (ω, ∂ω) →
(M,∂M) is interior-inessential if there exists a map Φ′ : ω → ∂M for
which Φ′|∂ω = Φ|∂ω. Otherwise, Φ is interior-essential. Further, a map
of pairs Φ: (ω, ∂ω) → (M,∂M) is virtually interior-essential if there ex-
ists an interior-essential extension Φˆ : (Dω, ∂Dω)→ (M,∂M) of Φ satisfying
Φˆ(D \ ω) ⊂ ∂M .
Let N ⊂ intM be an n-manifold with boundary and ω ⊂ B2 a compact
and connected 2-manifold with boundary. A map Φ: (ω, ∂ω) → (M,∂M)
intersects N transversely if Φ−1(∂N) is a closed 1-manifold, i.e. Φ−1(∂N) is
a finite pair-wise disjoint collection of circles in ω. In particular, components
of Φ−1(N) are compact and connected 2-manifolds with boundary if Φ inter-
sects N transversely. Note that each map (ω, ∂ω)→ (M,∂M) is homotopic,
relative to the boundary ∂ω, to a map which intersects N transversely.
For a mapping Φ: ω → M intersecting N transversely, we denote by
Ω(Φ;N) the set of all components ω′ ⊂ Φ−1(N) for which Φ|ω′ : (ω′, ∂ω′)→
(N, ∂N) is interior essential. A component ω′ ∈ Ω(Φ;N) is innermost if
Dω′ \ ω′ has no element in Ω(Φ;N). We emphasize that Ω(Φ;N) is a finite
set, since Φ−1(∂N) has finitely many components.
The main result of this section is the following proposition. Note that,
although not explicitly mentioned, we consider a fixed initial package IB,n =
(T; ϕ˜1, ϕ˜2) for the Bing-Blankinship decomposition.
Proposition 4.1. Let ω ⊂ B2 be a compact and connected 2-manifold, and
suppose Φ: (ω, ∂ω) → (T, ∂T) is a virtually interior-essential map meeting
T1∪T2 transversely. Then there exists at least two virtually interior essential
components in Ω(Φ;T1 ∪ T2).
Since (Tw,Tw1∪Tw2) is homeomorphic, as pairs, to (T,T1∪T2), a simple
induction argument yields the following corollary.
Corollary 4.2. Let Φ: (B2, ∂B2) → (T, ∂T) be an interior essential map
which meets each Tw, for w ∈ W2, transversely. Then
#Ω(Φ;
⋃
|w|=k
Tw) ≥ 2k
for each k ≥ 0.
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The proof of Proposition 4.1 is based on a homological argument as in
Freedman and Skora [9, Lemma 2.5]. Before the proof we make first some
well-known preliminary observations.
Lemma 4.3. The homomorphism pi1(∂T) → pi1(T \ (T1 ∪ T2)), induced by
the inclusion ∂T → T \ (T1 ∪ T2), is a monomorphism. Furthermore, the
homomorphism pi1(∂Ti) → pi1(T \ int(T1 ∪ T2)), induced by the inclusion
∂Ti → T \ int(T1 ∪ T2), is a monomorphism for i = 1, 2.
Proof. For n = 3, i.e. for the Bing double, see [7, Lemmas 2.4 and 2.5]. For
n ≥ 3, it suffices to observe that
T = (B2 × S1)× (S1)n−3
and
Ti = ϕi(B2 × S1)× (S1)n−3,
where ϕi : B2 × S1 → B2 × S1, for i = 1, 2, is the embedding in the initial
package of the Bing double. 
Corollary 4.4. Let Φ: (B2, ∂B2) → (T, ∂T) be an interior essential map.
Then Φ−1(T1 ∩T2) 6= ∅. Furthermore, Ω(Φ;T1 ∪T2) 6= ∅ if Φ meets T1 ∪T2
transversely.
Proof. Suppose Ω(Φ;T1 ∪ T2) = ∅. Then there is a map Φ′ : (B2, ∂B2) →
(T \ (T1 ∪ T2), ∂T) for which Φ′|∂B2 = Φ|∂B2. Thus Φ′|S1 is contractible in
T \ (T1 ∪ T2), and, by Lemma 4.3, contractible in ∂T. This contradicts the
interior essentiality of Φ. 
Lemma 4.5. Suppose that Φ: (B2, ∂B2) → (T, ∂T) meets T1 ∪ T2 trans-
versely and let ω ∈ Ω(Φ;T1 ∪ T2) be an innermost component. Then the
restriction Φ|ω : (ω, ∂ω)→ (T1 ∪ T2, ∂(T1 ∪ T2)) is virtually interior essen-
tial.
Proof. We may assume that ω ⊂ Φ−1(T1). Let D ⊂ Dω \ω be a component
and Ei = Φ
−1(Ti)∩ intD for i = 1, 2. Since ω is innermost interior essential
component in Ω(Φ;T1 ∪ T2), there exists a map Φ′D : D → T \ int(T1 ∪ T2)
satisfying Φ′D|D\(E1∪E2) = Φ|D\(E1∪E2) and Φ′D(Ei) ⊂ ∂Ti for i = 1, 2.
We conclude that Φ′D contracts ∂D in T \ int(T1 ∪ T2).
Note that ∂T1 and ∂T2 are bi-collared in T, that is, for each i = 1, 2, there
exists an embedding bi : ∂Ti × [−1, 1] → T such that b(x, 0) = x. Thus, we
conclude that Φ′D|∂D contracts in ∂T1 by Lemma 4.3. In particular, there
exists a map Φω : Dω → T1 which extends Φ|ω and satisfies Φω(Dω \ ω) ⊂
∂T1. Thus Φ|ω is virtually interior essential. 
The proof of Proposition 4.1 is based on the observation that there exists
at least two innermost interior essential components in Ω(Φ;T1 ∪ T2). As a
first step, we prove that a virtually interior essential map (ω, ∂ω)→ (T, ∂T)
is homologically non-trivial in H2(T, ∂T;Z) but intersects T1 ∪T2 homolog-
ically trivially; cf. [9, Lemma 2.5] and [13, Lemma 7.2]. We begin with two
general observations on the relative homology of n-tubes.
Lemma 4.6. The relative homology group H2(T, ∂T;Z) is infinite cyclic
and generated by the class of the map G : B2 → T, x 7→ (x, y0, . . . , y0),
where y0 ∈ S1.
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Proof. Let K = B2(0, 1/2)× (S1)n−2. Since the inclusion (T, ∂T)→ (T,T \
K) is a homotopy equivalence of pairs, we have (see e.g. [10, Proposition
3.46]), that
H2(T, ∂T;Z) ∼= H2(T,T−K;Z) ∼= Hn−2(K;Z) ∼= Hn−2((S1)n−2;Z) ∼= Z.
To show that H2(T, ∂T;Z) = 〈[G]〉, let pi : T→ B2 be the natural projec-
tion (x, y1, . . . , yn−2) 7→ x. Since pi(∂T) = pi(∂B2× (S1)n−2) = ∂B2, the map
pi∗ : H2(T, ∂T,Z) → H2(B2, ∂B2;Z) is well-defined. Since pi ◦ G = idB2 , we
conclude that 〈[G]〉 = H2(T, ∂T;Z). 
Lemma 4.7. Let T be an n-tube, ω ⊂ B2 a compact and connected 2-
manifold with boundary, and let Φ: (ω, ∂ω)→ (T, ∂T ) be a virtually interior
essential map. Then [Φ] 6= 0 in H2(T, ∂T ;Z).
Proof. Since T is homeomorphic to T, it is enough if we show the lemma for
T only. Let Φˆ : Dω → T be an extension of Φ for which Φˆ(Dω \ ω) ⊂ ∂T.
We may assume, by extending Φˆ further if necessary, that Dω = B2.
Then [Φ] = [Φˆ] in H2(T, ∂T;Z). Let ι : ∂T → T be the inclusion. Then
[Φˆ|∂Dω] ∈ ker(ι∗ : pi1(∂T) → pi1(T)), since Φˆ is interior essential; here we
tacitly identify ∂Dω with S1. Thus [Φˆ|∂Dω] = [g]m for m 6= 0, where
g : S1 → ∂T, x 7→ (x, y0, . . . , y0), and y0 ∈ S1. Thus we may assume that
Φˆ(z) = (zm, y0, . . . , y0) = g(z
m) for z ∈ S1 ⊂ C.
Let G : B2 → T be as in Lemma 4.6. We claim that [Φˆ] = m[G]. Indeed,
let Gm : B2 → T be the map z 7→ G(zm) and pi : B2×Rn−2 → T the universal
cover of T. Let also Φ˜ : B2 → B2 × Rn−2 and G˜m : B2 → B2 × Rn−2 be lifts
of Φˆ and Gm, respectively, in pi so that Φ˜(z) = G˜m(z) for every z ∈ S1.
Since B2 × Rn−2 is contractible and Φ˜ − G˜m is a 2-cycle, there exists a
3-chain σ˜ in B2 ×Rn−2 for which Φ˜− G˜m = ∂σ˜. Thus Φˆ− pi ◦ G˜m = ∂pi#σ˜.
Since [pi ◦ G˜m] = m[G], the claim follows. 
Lemma 4.8. Let ω ⊂ B2 be a compact and connected 2-manifold with bound-
ary and let Φ: (ω, ∂ω)→ (T, ∂T) be a virtually interior-essential map meet-
ing T1∪T2 transversely. Then [Φ|Φ−1(Ti)] = 0 in H2(Ti, ∂Ti;Z) for i = 1, 2.
Proof. Since
H2(T1 ∪ T2, ∂(T1 ∪ T2);Z) = H2(T1, ∂T1;Z)⊕H2(T2, ∂T2;Z)
it suffices to show that [Φ|Φ−1(T1 ∪ T2)] = 0 in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z).
Denote T = B2 × S1 and let (T ;ϕ1, ϕ2) be the initial package for the
Bing double which is the base of the initial package IB,n, that is, satisfying
ϕ˜i = (ϕi × id) ◦ ψ for i = 1, 2. Let also Ti = ϕi(T ) for i = 1, 2, as before.
Let g : (B2, ∂B2)→ (T, ∂T ) be a map having the following properties:
(1) g(B2) ∩ T2 = ∅;
(2) g meets T1 transversely;
(3) g−1(T1) consists of exactly two 2-cells D1 and D2;
(4) 〈[g]〉 = H2(T, ∂T ;Z);
(5) 〈[g|D1]〉 = H2(T1, ∂T1;Z); and
(6) [g|D1] = −[g|D2] in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z).
Let y0 ∈ S1 and define G : (B2, ∂B2)→ (T, ∂T) to be the map
x 7→ (g(x), y0, . . . , y0).
20 PEKKA PANKKA AND VYRON VELLIS
Then G satisfies the properties (1)-(6) with T1, T2, and T replaced by T1,
T2, and T, respectively. In particular,
[G|D1] + [G|D2] = 0
in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z).
Let Φˆ : Dω → T be an extension of Φ satisfying Φˆ(Dω \ ω) ⊂ ∂T. Since
[Φˆ] 6= 0 in H2(T, ∂T;Z), there exists m 6= 0 for which [Φˆ] = m[G] by Lemma
4.6. Thus
(4.1) Φ−mG+ τ = ∂σ
as 2-chains, where σ is a 3-chain in T and τ is a 2-chain ∂T. In particular,
Φ|Φ−1(T1 ∪ T2)−mG|(D1 ∪D2) + τ ′ = 0,
where τ ′ is a 2-chain in T \ int(T1 ∪ T2). Thus
[Φ|Φ−1(T1 ∪ T2)] = m[G|(D1 ∪D2)] = m[G|D1] +m[G|D2] = 0
in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z). 
Finally, before the proof of Proposition 4.1, we note that, for a virtually
interior essential map Φ: (B2, ∂B2)→ (T, ∂T), the elements in Ω(Φ;T1∪T2)
are not annuli.
Proof of Proposition 4.1. By Lemma 4.5 it suffices to show that Ω(Φ;T1 ∪
T2) has two innermost components. By Corollary 4.4, Ω(Φ;T1 ∪ T2) 6= ∅
and there exists at least one innermost component ω1.
Suppose ω1 is the only innermost component in Ω(Φ;T1 ∪ T2). We
may assume that Φ(ω1) ⊂ T1. We show that then there exists a map
Φ′ : Dω → T for which Φ′|∂Dω = Φ|∂Dω and Ω(Φ′;T1 ∪ T2) = {D},
where D = (Φ′)−1(T1 ∪ T2) is a disk. This is a contradiction. Indeed,
on one hand, by Lemma 4.7, [Φ′|D] 6= 0 either in H2(T1, ∂T1;Z) or in
H2(T2, ∂T2;Z). Hence [Φ′|D] 6= 0 in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z). On the
other hand, [Φ′|D] = [Φ′|(Φ′)−1(T1 ∪ T2)] = 0 in H2(T1 ∪ T2, ∂(T1 ∪ T2);Z)
by Lemma 4.8.
Let Φ¯ : (Dω, ∂Dω) → (T, ∂T) be an interior essential map, satisfying
Φ¯(Dω \ ω) ⊂ ∂T, which is an extension of Φ. Note that, we may assume
that Φ, and hence also Φ¯, meets T1 ∪ T2 transversally.
Since ω1 is the unique innermost component, there is an enumeration
ω1, . . . , ωk, satisfying Dωj ⊂ intDωj+1 for each j = 1, . . . , k − 1, for the
components in Ω(Φ1;T1 ∪ T2).
Since Φ|ω1 is virtually interior essential by Lemma 4.5, we may assume
that ω1 is a disk, that is, ω1 = Dω1 . By adapting the argument of Lemma
4.5 we may also assume that each ωj for j = 2, . . . , k is an annulus. Then
Aj = cl(Dωj \ (ωj ∪Dωj−1)) is an annulus with boundary components C+j =
Aj ∩ ωj and C−j = Aj ∩ ωj−1 for each j = 2, . . . , k.
We show that, for each j = 2, . . . , k, the homomorphism pi1(C
+
j )→ pi1(T1)
induced by the inclusion is trivial; note that C+j ⊂ ∂T1. Thus, for each
j = 2, . . . , k, there exists interior essential maps Φj : (B2, ∂B2)→ (T, ∂T) for
which Ω(Φj ;T1 ∪ T2) consists of annuli ωj+1, . . . , ωk and the disk Dωj . In
particular, Ω(Φk;T1 ∪ T2) is a disk and we may take Φ′ = Φk.
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Let t = B2×S1 and we may assume that there exists 3-tubes t1 and t2 for
which Ti = ti×(S1)n−3. Thus we may further assume that Φ(Ak∪Dωk−1) ⊂
t × {x0}n−3, where x0 ∈ S1, and we may consider Φ|(Ak ∪ Dωk−1) a map
into t. Indeed, since T1 ∪ T2 = (t1 ∪ t2)× (S1)n−3, it suffices to homotope a
lift of Φ|(Ak ∪Dωk−1) to the cover (B2 × S1)× Rn−3 to obtain a homotopy
of Φ|(Ak ∪Dωk−1) which ends to a map with the required property.
It suffices to construct Φ2; the other maps are obtained inductively. Since
A2 ∪ Dω1 is a disk, the curve Φ|C+2 contracts in t \ int(t2). By fixing a
homeomorphism, S1 → ∂C+2 , we may consider Φ|C+2 as a loop. We show
first that Φ(C+2 ) ⊂ ∂t1.
Suppose Φ(C+2 ) ⊂ ∂t2 and consider a lift Φ˜ of Φ|C+2 in the universal
cover pi : B2 × R → t. We may label, the components t2,k (k ∈ Z) of pi−1t2
so that they form a chain with components t1,k of pi
−1t1, that is, t2,k is
linked with both t1,k and t1,k+1 for each k ∈ Z; note that with this labelling,
homomorphisms pi1(∂t2,k)→ pi1((B2 × R) \ int(t1,j ∪ t2,k)), for j = k, k + 1,
induced by inclusion, are monomorphisms. Suppose there exists k0 ∈ Z for
which Φ˜(C+2 ) ⊂ t2,k0 and let k1 ∈ Z be such that Φ˜(Dω1) ⊂ t1,k1 ; note
that |k1 − k0| ≤ 1. This is a contradiction, since Φ˜|C+2 is contractible in
B2 × R \ int(t1,k2 ∪ t2,k0) for k2 ∈ {k0, k0 + 1} \ {k1}. Thus Φ(C+2 ) ⊂ ∂t1.
By considering Φ|C+2 as a loop in ∂t1, we have [Φ|C+2 ] = [α]m[β] in
pi1(∂t1), where ([α], [β]) is a (standard) basis of pi1(∂t1), that is, α contracts
in t1 and β in t \ int(t1). Using again the fact that Φ|C+2 contracts in t \ t2,
we conclude that ` = 0, that is, [Φ|C+2 ] = [α]m. In particular, there exists a
map Dω2 → t1 which extends Φ|ω2. This concludes the construction of Φ2
and the proof. 
5. Modulus estimates
In this section we show a lower bound for moduli of certain families of
(n− 2)-tori in the Semmes space (Sn, d) and an upper bound for the corre-
sponding families in the Euclidean sphere Sn. For the statement, we intro-
duce some terminology.
Let T be an n-tube in Sn. An (n − 2)-torus t ⊂ T in T is a core torus
of T if there exists a homeomorphism θ : B2 × (S1)n−2 → T for which t =
θ({0} × (S1)n−2).
Let IB,n be an initial package for the Bing-Blankinship necklace and
(Tw)w∈W2 the associated defining tree. For each w ∈ W2, we denote by
Sw the family of all core tori t in Tw for which t ⊂ Tw \ (Tw1 ∪ Tw2).
5.1. Modulus lower bound in the Semmes space. Let ϑ : T∅ → Sn
be a smooth embedding and let ρˆ : Sn → Sn be the Bing–Blankinship
shrinking map in Proposition 3.2. Let (Tw)w∈W2 be the ordered tree with
Tw = ρˆ(ϑ(Tw)) for w ∈ W2 andSw = {ρˆ(t) : t ∈ Sw} for each w ∈ W2. Let d
be a Semmes metric as in Corollary 3.6 with the scaling constant λ ∈ (0, 1).
We summarize in the following lemma the basic properties of the metric
space (Sn, d) and the families (Sw)w∈W2 which will be used in the forthcom-
ing discussion. These properties are direct consequences of the shrinking
map ρˆ and the construction of the metric d; see Section 3 and the references
therein.
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For brevity, we call (Sn, IB,n, ρ, λ, d) the data of the Semmes space (Sn, d),
and (Sn, IB,n, ρ, λ, d; (Tw)w, (Sw)w) an extended data; note that (Tw)w and
(Sw)w are fully determined by the other data.
Lemma 5.1. Let (Sn, IB,n, ρ, λ, d; (Tw)w, (Sw)w) be an extended data. Then
(i) for each w ∈ W2, the family Sw consists of (n− 2)-tori,
(ii) limk→∞ sup|w|≥k diamd Tw = 0, and
(iii) there exists L ≥ 1 and δ > 0 depending only on the data so that,
for each w ∈ W2, Bd(∂Tw, δλ|w|+1) ∩ Tw is (smoothly) (L, λ|w|)-
quasisimilar to Bd(∂T∅, δ).
Note that, here and in what follows, we indicate the use of the Semmes
metric d by a subscript in the metric notions such as diameter and neigh-
borhood.
The modulus lower bound for families Sw in the Semmes space (Sn, d) is
a direct corollary of (iii) in Lemma 5.1.
Proposition 5.2. Let (Sn, IB,n, ρ, λ, d; (Tw)w, (Sw)w) be an extended data.
Then there exists c0 > 0 depending only the data so that
Mod n
n−2 ,d
(Sw) ≥ c0
for each w ∈ W2.
Proof. Let δ > 0 be as in (iii) in Lemma 5.1 and let S0 ⊂ S∅ be the
subfamily of core tori t contained in the δ-neighborhood Ω = Bd(∂T∅, δ)∩T∅
of ∂T∅ in T∅. By by the uniform quasisimilarity, it suffices to show that
Mod n
n−2 ,d
(S0) ≥ c0, where c0 > 0 depends only on the data.
By properties of the metric d, there exists L0 ≥ 1 depending only on the
data and an L0-bilipschitz diffeomorphism f : A× (S1)n−2 → Ω, where A =
B2 \B2(1−δ). Let f−1S0 = {f−1t : t ∈ S0}. Since f is L2n0 -quasiconformal,
the quasi-invariance of the conformal modulus yields the estimate
Mod n
n−2 ,d
(S0) ≥ c0 Mod n
n−2
(f−1S0),
where c0 > 0 depends only on L0 and n. Thus it suffices to show that the
family SA = {{x} × (S1)n−2 : x ∈ A} ⊂ f−1S ′ has modulus lower bound.
Let ρ : A × (S1)n−2 → R be an admissible function for SA. By Ho¨lder’s
inequality,∫
A×(S1)n−2
ρ(x)
n
n−2dHn(x)
=
∫
A
(∫
(S1)n−2
ρ(z, y)
n
n−2dHn−2(y)
)
dH2(z)
≥ Hn−2 ((S1)n−2) −2n−2 ∫
A
(∫
(S1)n−2
ρ(z, y)dHn−2(y)
) n
n−2
dH2(z)
≥ Hn−2 ((S1)n−2) −2n−2 H2(A).
This concludes the proof 
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5.2. Modulus upper bound in the Euclidean sphere. For the modulus
upper bound, we pass to a non-smooth setting in the following sense. Let
(Tw)w∈W2 be the Bing–Blankinship defining tree associated to the initial
package IB,n and let ϑ
′ : T∅ → Sn be an embedding. We may assume that
ϑ′T∅ ⊂ Rn ⊂ Sn.
Let also %′ : Sn → Sn be a Bing–Blankinship map as in Proposition 3.2
with the exception that %′|Sn \ S(IB,n) is merely a homeomorphism; note
that we do not assume ϑ′ to be smooth. We denote now T ′w = (%′◦ϑ′)Tw and
S ′w = (%′ ◦ ϑ′)Sw for each w ∈ W2. As summarized in Lemma 5.1, we again
have that diamT ′w → 0 as |w| → ∞ and families Sw consist of (n− 2)-tori.
The modulus upper bound now reads as follows.
Proposition 5.3. Let α : S1 → Rn, z 7→ (z, 0, . . . , 0). Suppose |α| is in
the complement of T ′∅ and suppose α is not homotopic to a constant map in
Rn \ T ′∅. Let δ = dist(|α|, T ′∅). Then there exists C1 > 0 depending only on
n so that, for each k ∈ N, there exists wk ∈ W2 of length k for which
Mod n
n−2
(S ′wk) ≤ C1
(
diamT ′wk
δ
)n
.
Although the proof is merely a part of the proofs of [13, Proposition 4.5]
and [14, Theorem 10.1], we recall the argument.
Proof of Proposition 5.3. We show first that, for each k ∈ N, there exists
wk ∈ W2 of length k for which
(5.1) inf
t∈Swk
Hn−2(t) ≥ cn−2δn−2,
where cn−2 = Hn−2(Bn−2).
Having (5.1) at our disposal, the claim follows by the standard modu-
lus estimate. Indeed, the function ρ = (cn−2δn−2)−1χT ′wk is an admissible
function for Swk and
Mod n
n−2
(Swk) ≤
∫
Rn
ρ
n
n−2 dHn = (diamT
′
wk
)n
(cnδn−2)
n
n−2
= C1
(
diamT ′wk
δ
)n
.
To prove the estimate (5.1), let k ∈ N and ε > 0. For each w ∈ W2 of
length |w| = k, we fix tw ∈ S ′w for which
Hn−2(tw) ≥ inf
t∈S ′w
Hn−2(t)− ε.
We claim first that
(5.2) #((
⋃
|w|=k
tw) ∩ (B2 × {j})) ≥ 2k
for each j ∈ Bn−2(δ). Indeed, let j ∈ Bn−2(δ) and consider the map ζj : B2 →
Sn, u 7→ (u, j). Since ζj |S1 is homotopic to α in Sn \ T ′∅, ζj |S1 is not null-
homotopic in Rn \ T ′∅. Thus there exists a domain Dj ⊂ B2 so that Ψj =
ζj |Dj : (Dj , ∂Dj)→ (T ′∅, ∂T ′∅) is virtually interior essential.
The count of the intersections Ψj(Dj)∩
⋃
|w|=k tw reduces to Proposition
4.1 as follows. Let q : Sn → Sn/BB be the quotient map and h′ : Sn → Sn/BB
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the homeomorphism satisfying
Sn
%′ //
q ##
Sn
h′
≈
{{
Sn/BB
It is now easy to find a virtually interior essential map Φj,k : (Dj , ∂Dj) →
ϑ′(T∅), ∂ϑ′(T∅)) for which (%′ ◦Φj,k)|Dj,k = Ψj |Dj,k, where Dj,k = Ψ−1j (Rn \⋃
|w|=k+1 T
′
w); we refer to [14, Lemma 10.2] for a detailed argument. By
Proposition 4.1,
#Ω(Φj,k;
⋃
|w|=k
ϑ′(Tw)) ≥ 2k.
Since each element in Ω(Φj,k;
⋃
|w|=k ϑ
′(Tw)) meets (%′)−1
⋃
|w|=k tw, inequal-
ity (5.2) follows.
By the co-area formula [8, Theorem 2.10.25], we have∑
|w|=k
Hn−2(tw)) = Hn−2(
⋃
|w|=k
tw)
≥ Hn−2((
⋃
|w|=k
tw) ∩ (B2 × Bn−2(δ)))
≥
∫
Bn−2(δ)
#((
⋃
|w|=k
tw) ∩ (B2 × {j})) dHn−2(j)
≥ 2kHn−2(Bn−2(δ)) = 2kcn−2δn−2,
where cn−2 = Hn−2(Bn−2). Thus (5.1) holds. 
6. Analog of Semmes’s theorem in higher dimensions
Before discussing the proof of the main theorem (Theorem 1.1), we give
a short proof of the following result.
Theorem 6.1. For each n ≥ 3 and λ ∈ (0, 2−1/n) there exists a Cantor set
E ⊂ Sn and an almost smooth Ahlfors n-regular and LLC Semmes metric d
with scaling constant λ and singular set E for which there is no quasicon-
formal homeomorphism (Sn, d)→ Sn.
This result parallels Semmes’s non-parametrization theorem for metrics
on S3 in [18] in the sense that the Ahlfors n-regularity of the space (Sn, d) is
the only condition which restricts the scaling constant λ of the metric d. In
results of Heinonen and Wu [13] the method of stabilization poses additional
restriction for λ. We refer to [14, Section 13] for a discussion and a general
necessary condition relating the scaling parameter to the complexity of the
defining sequence in quasiconformal non-parametrization questions in the
stabilized case.
The remaining ingredient in the proof of Theorem 6.1 that we have not
discussed yet is a uniform straightening lemma from [14] for quasisymmet-
rically embedded collared circles. Recall that Rn embeds in Sn via the
stereographic projection.
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Lemma 6.2 ([14, Proposition 11.1]). Let n ≥ 4 and h : S1 × Bn−1 → Rn
an η-quasisymmetric embedding. Then there exists a constant δ0 > 0 and
a homeomorphism η˜ : [0,∞)→ [0,∞) both depending only on n and η, and
an η˜-quasisymmetric homeomorphism χ : Sn → Sn for which
(a) S1 × Bn−2(δ0) ⊂ (χ ◦ h)(S1 × Bn−1),
(b) the maps S1 → Rn defined by z 7→ (z, 0) and z 7→ (χ ◦ h)(z, 0) are
homotopic in (χ ◦ h)(S1 × Bn−1).
Proof of Theorem 6.1. Let d be a Semmes metric on Sn having an extended
data (Sn, IB,n, ϑ, %, λ, d; (Tw)w, (Sw)w), where λ ∈ (0, 2−1/n), and a singular
set E which is the Bing–Blankinship Cantor set associated to this data.
By Lemmas 2.2 and 2.3, (Sn, d) is Ahlfors n-regular and linearly locally
contractible. Thus it remains to show that the metric sphere (Sn, d) is not
quasiconformal to the Euclidean sphere Sn.
Suppose there exists a quasiconformal map f : (Sn, d)→ Sn. Since (Sn, d)
is a Loewner space, f is a quasisymmetry. By Proposition 5.2 and the
quasi-invariance of the conformal modulus,
inf
w∈W2
Mod n
n−2
(fSw) > 0.
By Lemma 6.2, we may also assume that
(i) S1 × {0} ⊂ Sn \ fT∅ and
(ii) the map α : S1 → Sn, z 7→ (z, 0), is not contractible in Sn \ fT∅.
Indeed, let γ : S1 → Sn be a smooth simple curve so that dist(|γ|, T∅) > 0 and
γ is not contractible in Sn\T∅. By Lemma 3.5 there exists a quasisymmetric
embedding h0 : S1 × Bn−1 → (Sn, d) for which h0(z, 0) = γ(z). Then h =
f ◦h0 : S1×Bn−1 → Sn is a quasisymmetric embedding. Let now χ : Sn → Sn
be a quasisymmetric homeomorphism as in Proposition 6.2. Then conditions
(i) and (ii) are satisfied by the map χ ◦ f .
Thus, by Proposition 5.3, there exists a sequence (wk)k∈N inW2 for which
Mod n
n−2
(fSwk)→ 0
as k →∞. This contradiction concludes the proof. 
7. Proof of Theorem 1.1
The proof of Theorem 1.1 is a slight modification of the proof of Theorem
6.1 along the lines of construction of the Riemannian manifold M˜ in [18,
p.206] and uses the uniform bounds in Lemma 6.2. Thus we merely indicate
the steps.
7.1. The metric. We fix first a sequence (Bk) of pair-wise disjoint Eu-
clidean balls in Rn which converge to the origin; for example, we may take
Bk = Bn(xk, rk), where xk = e1/k and rk ≤ |xk|/10. Let also ϑ : T→ Sn be
a smooth embedding.
For each k ∈ N, we fix an n-tube T (k) = αk(T ) ⊂ Bk, where T = ϑ(T)
and αk : Rn → Rn is a similarity. We plant a finite decomposition tree Tk
into each T (k) as follows.
For each k ∈ N, let W(k)2 be the collection of all words of length at most
k. We define finite decomposition trees T (k) by T (k) = (αk(ϑ(Tw)))w∈W(k)2 .
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Note that T (k) is in fact a subtree of a decomposition tree of the initial
package (T (k); ϕ˜
(k)
1 , ϕ˜
(k)
2 ), where the embedding ϕ˜
(k)
i is obtained by conju-
gating ϕ˜i with mappings ϑ and αk in the obvious manner. We denote
T
(k)
w = ϕ˜
(k)
w (T (k)) for w ∈ W(k)2 .
Let now λ ∈ (0, 2−1/n). By applying the construction of the Semmes
embedding (Proposition 3.1) independently in each ball Bk with respect to
the finite decomposition tree T (k), we obtain a map ρ˜ : Sn → Sn+1 which is
a smooth embedding in Sn \ {0} and for which
(i) ρ˜(x) = x for x 6∈ ⋃k∈NBk;
(ii) there exists L ≥ 1 so that, for each k ≥ N and w ∈ W(k)2 of length
|w| < k,
λ|w|
L
|x− y| ≤ |ρ˜ ◦ ϕ˜(k)w (x)− ρ˜ ◦ ϕ˜(k)w (y)| ≤ Lλ|w||x− y|
for each x, y ∈ ϕ˜(k)w (T (k) \ T (k)1 ∪ T (k)2 ); and
(iii) for each w ∈ W2 of length k, ρ˜(T (k)) is similar to T (k).
Indeed, the embedding ρ˜ is an intermediate stage in the construction of the
embedding in Proposition 3.1. We refer to [18, Lemma 3.21] and [14, Section
6] for details. Let d be the completion of the length metric dg associated
to the Riemannian metric g = ρ˜∗g0, where g0 is the Riemannian metric on
Sn+1.
The space (Sn, d) is Ahlfors n-regular and LLC. Indeed, we note first that
the method of the proof of [14, Proposition 7.8] (here Lemma 2.1) readily
applies also to the embedding ρ˜|Sn \ {0} and we conclude that
(7.1) Hnd (B(x, r)) ≈ rn
for each ball B(x, r) ⊂ Sn not containing the origin. Since also
Hnd (T (k)) ≈ Hn(T (k))
uniformly in k, the argument of [14, Proposition 7.8] shows that (7.1) holds
for all balls B(x, r) in (Sn, d). Thus (Sn, d) is Ahlfors n-regular. The linear
local contractibility of (Sn, d) is argued along the lines of the proof of [14,
Proposition 7.9].
7.2. Non-parametrizability. It remains to prove the non-existence of a
quasiconformal homeomorphism (Sn, d) → Sn. Suppose towards contradic-
tion that such homeomorphism f : (Sn, d)→ Sn exists.
For each k ∈ N and w ∈ W(k)2 of length k − 1, let S (k)w be the family
αk(ϑSw) of (n− 2)-tori. By construction of the metric d,
Mod n
n−2 ,d
(S (k)w ) ≈ Mod nn−2 ,d∞(Sw),
for each w ∈ W(k)2 and k ∈ N, where (Sn, d∞) is the Semmes space in
Theorem 6.1 and Sw the family of surfaces in the proof of Theorem 6.1.
Thus
inf
k∈N
w∈W(k)2
Mod n
n−2 ,d
(S (k)w ) > 0.
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On the other hand, by the properties of the metric d, there exists a
neighborhood Ω of ∂T for which each αk|Ω is a similarity in metric d. Thus,
for each k ∈ N, we can fix smooth simple curves γk = αk ◦ γ : S1 → αk(Ω),
where γ is a smooth simple curve in Ω so that dist(|γ|, ∂T ) > 0 and γ is not
contractible in Sn \T . Note that each γk is not contractible in Sn \T (k) and
dist(|γk|, T (k)) = Ckdist(|γ|, ∂T ), where Ck is the similarity constant of αk.
We may now fix a homeomorphism η′ : [0,∞) → [0,∞) and, for each
k ∈ N, an η′-quasisymmetric embedding hk : S1 × Bn−1 → (Sn, d) for which
(1) hk(S1 × Bn−1) ⊂ Sn \
⋃
` T
(`) and
(2) the map S1 → Sn, z 7→ hk(z, 0), is not contractible in Sn \ T (k).
Thus, by Lemma 6.2, there exists a homeomorphism η′′ : [0,∞)→ [0,∞),
a constant δ > 0 and, for each k ∈ N, an η-quasisymmetric map χk : Sn → Sn
for which
(i) S1 × Bn−2(δ) ⊂ Sn \ (χk ◦ f ◦ hk)(T (k)∅ ), and
(ii) the map S1 → Sn, z 7→ (χk ◦ f ◦ hk)(z), is homotopic to z 7→ (z, 0)
in (χk ◦ f ◦ hk)(S1 × Bn−1).
Thus, by Proposition 5.3, there exists a sequence (wk) in W2 for which
Mod n
n−2
(fS (k)wk )→ 0
as k →∞. This is a contradiction. Thus there is no quasiconformal home-
omorphism (Sn, d)→ Sn. This completes the proof of Theorem 1.1.
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